L(p,q)-labeling of digraphs  by Chen, Yi-Ting et al.
Discrete Applied Mathematics 157 (2009) 1750–1759
Contents lists available at ScienceDirect
Discrete Applied Mathematics
journal homepage: www.elsevier.com/locate/dam
L(p, q)-labeling of digraphs
Yi-Ting Chen a, Ma-Lian Chia a,b, David Kuo a,∗
a Department of Applied Mathematics, National Dong Hwa University, Hualien 974, Taiwan
b Department of Mathematics, Aletheia University, Tamsui 251, Taiwan
a r t i c l e i n f o
Article history:
Received 6 August 2007
Received in revised form 20 November
2008
Accepted 4 December 2008
Available online 10 February 2009
Keywords:
L(p, q)-labeling
Digraph
Path
Cycle
Tree
a b s t r a c t
Given a graph G and two positive integers p, q with p > q an L(p, q)-labeling of G is
a function f from the vertex set V (G) to the set of all nonnegative integers such that
|f (x)− f (y)| ≥ p if dG(x, y) = 1 and |f (x)− f (y)| ≥ q if dG(x, y) = 2. A k-L(p, q)-labeling
is an L(p, q)-labeling such that no label is greater than k. The L(p, q)-labeling number of
G, denoted by λp,q(G) is the smallest number k such that G has a k-L(p, q)-labeling. When
considering the digraph D, we use λ∗p,q(D) in place of λp,q(D). We study the L(p, q)-labeling
number of a digraph D in this paper. We find some relations between the L(p, q)-labeling
number of a graphG and an orientationD ofG, and give some results for the L(p, q)-labeling
numbers of k-partite digraphs.We also study the L(p, q)-labeling numbers for those graphs
D for which the underlying graphs are paths, cycles or trees.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
The L(2, 1)-labeling problem proposed by Griggs and Roberts [7] is a variation of the frequency assignment problem
(or the T -coloring problem) introduced by Hale [5]. Suppose we are given a number of transmitters or stations. The L(2, 1)-
labeling problem is to assign frequencies (nonnegative integers) to the transmitters so that ‘‘close’’ transmittersmust receive
different frequencies and ‘‘very close’’ transmitters must receive frequencies that are at least two frequencies apart. Instead
of the condition of two frequencies apart, Chang et al. [2] considered the condition of d frequencies apart.
To formulate the problem in graphs, the transmitters are represented by the vertices of a graph; two vertices are ‘‘very
close’’ if they are adjacent in the graph and ‘‘close’’ if they are of distance two in the graph. More precisely, for positive
integers p, q, with p > q, an L(p, q)-labeling of a graph G is a function f from the vertex set V (G) to the set of all nonnegative
integers such that |f (x) − f (y)| ≥ p if d(x, y) = 1 and |f (x) − f (y)| ≥ q if d(x, y) = 2. A k-L(p, q)-labeling is an L(p, q)-
labeling such that no label is greater than k. The L(p, q)-labeling number of G, denoted by λp,q(G), is the smallest number k
such that G has a k-L(p, q)-labeling. The L(p, q)-labeling problem, in particular for the case of d = 2, has been extensively
studied, see the references.
Chang and Liaw [3] considered the case when the transmitters have direction constraints. In this case, they studied the
L(2, 1)-labeling on digraphs, and gave results on L(2, 1)-labelings for ditrees. Chang et al. [1] then considered the L(d, 1)-
labelings for digraphs, they determined the exact values of the L(d, 1)-labeling numbers for digraphs D in which a longest
dipath is of length 1 or 2 and gave bounds for the L(d, 1)-labeling numbers for digraphs D in which a longest dipath is of
length 3. They also gave the exact values of the L(d, 1)-labeling numbers for ditrees T .
Recall that in a digraph D the distance dD(x, y) from vertex x to vertex y is the length of a shortest dipath (directed path)
from x to y. We may then define L(p, q)-labeling, k-L(p, q)-labelings and L(p, q)-labeling numbers for digraphs in precisely
the sameway as for graphs. However, to distinguish between the notation for graphs, we use λ∗p,q(D) for the L(p, q)-labeling
number of a digraph D.
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The L(p, q)-labeling number of a digraph is closely related to its oriented chromatic number. For a digraph D, an oriented
labeling of D is a function f from V (D) into the set of positive integers such that f (x) 6= f (y) for xy ∈ E(D), and whenever an
ordered pair (j, k) is used for an edge xy as (f (x), f (y)), the ordered pair (k, j) is never used for any other edge. The oriented
chromatic number of a digraph D, denoted by−→χ (D), is the minimum size of the image of an oriented labeling of D. Oriented
chromatic numbers have been extensively studied in the literature. Notice that λ∗p,q(D) ≤ (−→χ (D) − 1)p for any digraph D.
And the bound is attained for tournaments.
For a graph G, if D is the digraph resulting from G by replacing each edge {x, y} by two (directed) edges xy and yx, then
λ∗p,q(D) = λp,q(G). However, in this thesis all digraphs are assume to be strongly simple, i.e. it has no loops or multiple edges
or both the edges xy and yx.
We first fix some terminology and notation. A homomorphism from a digraph D to another digraph H is a function
h : V (D)→ V (H) such that xy ∈ E(D) implies h(x)h(y) ∈ E(H).
Define Nk+D (v) = {u | 1 ≤ dD(v, u) ≤ k}, Nk−D (v) = {u | 1 ≤ dD(v, u) ≤ k} and NkD(v) = Nk+D (v) ∪ Nk−D (v). We call the
vertices in Nk+D (v) the k-out-neighbors of v in D, in N
k−
D the k-in-neighbors and in N
k
D(v) the k-neighbors. If it is not necessary
to specify D, we use the notion Nk+(v),Nk−(v) and Nk(v) for short. When k = 1, we use N+(v),N−(v) and N(v) in place of
N1+(v),N1−(v) and N1(v), and call them the out-neighbors, the in-neighbors, and the neighbors of v in D. A source is a vertex
with no in-neighbors, and a sink a vertex with no out-neighbors. A leaf of a digraph is a vertex with exactly one neighbor.
An orientation of a graph is a digraph obtained from the graph by assigning each edge of the graph a direction. The
underlying graph of a digraph is the graph obtained from the digraph by forgetting the directions of its edges.
The n-dipath is the digraph EPn with
V (EPn) = {v1, v2, . . . , vn} and E(EPn) = {v1v2, v2v3, . . . , vn−1vn}.
The n-dicycle is the digraph ECn with
V (ECn) = {v1, v2, . . . , vn} and E(ECn) = {v1v2, v2v3, . . . , vn−1vn, vnv1}.
When computing the indices of vertices in an n-dicycle, we let vn+i ≡ vi, for all i, 1 ≤ i ≤ n. For instance, vn+1 is v1.
The n-path Pn is the underlying graph of the n-dipath EPn, and the n-cycle Cn is the underlying graph of the n-dicycle ECn. A
ditree is an orientation of a tree. Notice that a ditree of at least two vertices has at least two leaves. A digraph is bipartite if
its underlying graph is bipartite.
Given a digraphD, we use the notation l(D) to denote the length of the longest dipath inD, and define lD(v) = max{l(−→P ) |−→
P is a dipath in D start from v or end at v}.
In this thesis, we study the L(p, q)-labelings of digraphs. We give some basic properties for the L(p, q)-labeling numbers
of digraphs in Section 2, and give some results for the L(p, q)-labeling numbers of k-partite digraphs in Section 3. And in the
last section, we consider the values λ∗p,q(D)when D is a ditree, or the underlying graph of D is a path or a cycle.
2. Basic properties
We give some basic properties for the L(p, q)-labeling numbers of digraphs in this section. The following two lemmas
are easy to verify.
Lemma 1. If D is a subdigraph of a digraph H, then λ∗p,q(D) ≤ λ∗p,q(H).
Lemma 2. Let f be a k-L(p, q)-labeling of D, then the labeling f ′ defined by f ′(v) = k− f (v) is also a k-L(p, q)-labeling of D.
Georges and Mauro [4] proved the following useful theorem for the L(p, q)-labeling numbers of graphs, we include the
proof for completion.
Theorem 3. Given a graph G and a k-L(p, q)-labeling f of G, there exists a k-L(p, q)-labeling f ′ of G, such that {f ′(v) | v ∈
V (G)} ⊆ {mp+ nq | m, n ∈ N ∪ {0}}. In particular, λp,q(G) = αp+ βq for some nonnegative integers α and β .
Proof. Let S = {m0,m1, . . . ,ml} = {mp + nq | m, n ∈ N ∪ {0} andmp + nq ≤ k}, where 0 ≤ m0 < m1 < · · · < ml.
For a given k-L(p, q)-labeling f of G, define a labeling f ′ : V (G) −→ S by f ′(u) = mi if mi ≤ f (u) < mi+1. To prove this
theorem, we only need to show that f ′ is a k-L(p, q)-labeling of G. Let u, v ∈ V (G) andmi ≤ f (u) < mi+1,mj ≤ f (v) < mj+1,
without loss of generality, we may assume that f (v) ≥ f (u). When d(u, v) = 1, if mj − mi < p, let mi = αp + βq for
some nonnegative integers α and β , then the number c = (α + 1)p + βq ≤ f (u) + p < f (v), and so equals some ma and
ma ≥ mj+1, we have mj+1 ≤ c = mi + p ≤ f (u) + p ≤ f (v). But this is impossible since f (v) < mj+1, thus mj − mi ≥ p,
which implies f ′(v)− f ′(u) ≥ p. When d(u, v) = 2, a similar argument as above also shows that |f ′(v)− f ′(u)| ≥ q. By the
definition of f ′,max{f ′(v) | v ∈ V (G)} ≤ max{f ′(v) | v ∈ V (G)} ≤ k, therefore, f ′ is a k-L(p, q)-labeling of G. 
Chang et al. [1] prove the following result.
Lemma 4. If there is a homomorphism from a digraph D to another digraph H, then λ∗p,q(D) ≤ λ∗p,q(H).
From Lemma 4, we have
Lemma 5. If D is a digraph with |V (D)| ≥ 2 and l(D) = 1, then D is homomorphic to−→P 2, and λ∗p,q(D) = p.
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Proof. Since l(D) = 1, all the vertices in D are either a source or a sink. Define a function f : V (D) −→ V (−→P 2) = {v1, v2} by
f (v) =
{
v1, if v is a source in D,
v2, if v is a sink in D.
Then, clearly, f is a homomorphism from D to
−→
P 2, hence D is homomorphic to
−→
P 2. Also,
−→
P 2 is a subdigraph of D, and so by
Lemma 4 and Lemma 1, λ∗p,q(D) = p. 
Lemma 6. Given a digraph D, if G is the underlying graph of D, then λ∗p,q(D) ≤ λp,q(G). Moreover, if dG(x, y) = 2 implies
dD(x, y) = 2 or dD(y, x) = 2, then λ∗p,q(D) = λp,q(G).
Proof. The inequality λp,q(G) ≥ λ∗p,q(D) follows from the fact that a k-L(p, q)-labeling of G is a k-L(p, q)-labeling of D. If
dG(x, y) = 2 implies dD(x, y) = 2 or dD(y, x) = 2, then every k-L(p, q)-labeling of D is also a k-L(p, q)-labeling of G, hence
λ∗p,q(D) = λp,q(G). 
Change et al. [6] found the circular-L(p, q)-labeling numbers of complete k-partite graphs Km1,m2,...,mk . By using the same
idea, we also have
Lemma 7. For all k ≥ 2, λp,q(Km1,m2,...,mk) = (k− 1)p+ nq, where n =
∑k
i=1(mi − 1).
Theorem 8. For all α ≥ 1, β ≥ 0, there exist a graph G and an orientation D of G, such that λ∗p,q(D) = λp,q(G) = αp+ βq.
Proof. Let a = (β mod (α+ 1)), G = Km1,m2,...,mα+1 be a complete (α+ 1)-partite graph with partite sets A1, A2, . . . , Aα+1,
where Ai = {vi1, vi2, . . . , vimi} and
mi =
⌊
2α + 2− i+ β
α + 1
⌋
if 1 ≤ i ≤ α + 1.
That is, G is the Turán graph Tα+β+1,α+1. Consider the oriented graph D of G defined by vijvkl ∈ E(D) if i < k, j ≤ l or
i > k, j < l. Now, if dG(vij, vkl) = 2, then i = k, and we may assume that j < l in this case. By the definition of D, if
i 6= α + 1, then vijv(α+1)j ∈ E(D) and v(α+1)jvil ∈ E(D), and when i = α + 1, vijv1l ∈ E(D) and v1lvil ∈ E(D). In either
case, dD(vij, vkl) = 2. If dG(vij, vkl) = 1, either dD(vij, vkl) = 1 or dD(vkl, vij) = 1. Hence by Lemma 6 and Lemma 7,
λ∗p,q(D) = λp,q(G) = αp+
∑α+1
i=1 (mi − 1)q = αp+ βq. 
Theorem 9. Given a graph G, if D is an orientation of G, then λ∗p,q(D) ≥ (χ(G)− 1)p. Moreover, there exists an oriented graph
D′ of G such that λ∗p,q(D′) = (χ(G)− 1)p.
Proof. Suppose λ∗p,q(D) = k < (χ(G)− 1)p. Let f be an k-L(p, q)-labeling of D, and define Ai = {f −1(j) | (i− 1)p ≤ j < ip},
1 ≤ i ≤ χ(G)− 1. Then clearly, Ai is an independent set of G for each i, a contradiction. Hence λ∗p,q(D) ≥ (χ(G)− 1)p.
Now, if f is a χ(G)-coloring of G, define the oriented graph D′ of G by uv ∈ E(D′) if uv ∈ E(G) and f (u) < f (v). For the
digraph D′, define a labeling f ′ of D′ by f ′(u) = (f (u)− 1)p. It is easy to verify that f ′ is an L(p, q)-labeling of D′, and we have
(χ(G)− 1)p = max{f ′(v) | v ∈ V (D′)} ≥ λ∗p,q(D′) ≥ (χ(G)− 1)p. Hence λ∗p,q(D′) = (χ(G)− 1)p. 
3. L(p, q)-labeling numbers of k-partite digraphs
We consider the L(p, q)-labeling numbers of k-partite digraphs in this section. In order to simplify the notations, we
define S(D) = {v ∈ V (D) | v is a source of D}, S∗(D) = S(D) ∪ {v ∈ V (D) | N−(v) ⊆ S(D)}. The following lemma is easy to
verify.
Lemma 10. If D is a digraph which has no direct cycle, then S(D) 6= ∅.
Lemma 11. Suppose D1 is a k-partite digraph which has no direct cycle. If we let S1 = S∗(D1), and define Di+1 = Di − Si,
Si+1 = S∗(Di+1) for i ≥ 1, then for all v ∈ Si with i ≥ 2, there exist a vertex u ∈ S1 and a u, v-dipath whose length equals 2i− 2.
Proof. Weprove this by induction on i. Let the partite sets ofD1 be A1, A2, . . . , Ak. Without loss of generality, wemay always
assume that the vertex v belongs to A1.
When v ∈ S2, since v 6∈ S∗(D1), there exists a vertex w ∈ S1 ∩ Ai for some i, such that w 6∈ S(D1) and wv ∈ E(D1).
However, since w 6∈ S(D1), there exists a vertex u ∈ S1 ∩ Aj for some j, such that uw ∈ E(D1). Hence there exist a vertex
u ∈ S1 and a u, v-dipath whose length equals 2.
Suppose the conclusion holds for all iwith 2 ≤ i ≤ k− 1. When v ∈ Sk, consider the subdigraph Dk−1. By the induction
hypothesis, there exists a vertex w ∈ Sk−1 and a w, v-dipath whose length equals 2. Also, since w ∈ Sk−1, there exists a
vertex u ∈ S1 and a u, w-dipath whose length equals 2k − 4. Hence, we can find a vertex u ∈ S1 and a u, v-dipath whose
length equals 2k− 2. By the principal of induction, for all the values i, i ≥ 2, if v is a vertex in Si, then there exists a vertex
u ∈ S1 and a u, v-dipath whose length equals 2i− 2. 
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Lemma 12. Suppose D1 is a k-partite digraph which has no direct cycle and l(D1) = l ≥ 1. If we let S1 = S∗(D1), and define
Di+1 = Di − Si, Si+1 = S∗(Di+1) for i ≥ 1, then V (D1) = ⋃b l2 c+1i=1 Si. Moreover, if l is even, then for all u, v ∈ S l2+1, there is no
direct path between u and v.
Proof. Let the partite sets of D1 be A1, A2, . . . , Ak. The conclusion that V (D1) = ⋃b l2 c+1i=1 Si is a direct consequence of
Lemma 11. If l is even, and u ∈ S l
2+1 ∩ Ai, v ∈ S l2+1 ∩ Aj for some i, j with i 6= j, then either there is a direct path from u
to v or there is a direct path from v to u that will lead to a direct path of length greater than or equal to l+ 1 by Lemma 11.
Hence for all u, v ∈ S l
2+1, there is no direct path between u and v. 
Theorem 13. If D is a k-partite digraph which has no direct cycle and l(D) = n ≥ 1, then λ∗p,q(D) ≤ (k− 1)p+ k( n−12 )q.
Proof. Let D1 = D, S1 = S∗(D1), and the partite sets of D1 be A1, A2, . . . , Ak. Define Di+1 = Di − Si, Si+1 = S∗(Di+1), and let
Aij = Ai ∩ Sj for 1 ≤ i ≤ k, j ≥ 1. By Lemma 11, we have 1 ≤ j ≤
⌈ n+1
2
⌉
.
Now, when n is odd, consider the labeling f : V (D) −→ N ∪ {0} defined by f (u) = (i − 1)p + [(j − 1) + (i − 1) n−12 ]q
for all u ∈ Aij. In this case, if dD(u, v) = 1 for some u ∈ Aij, v ∈ Alm, then i 6= l, and hence by Lemma 12, |f (u)− f (v)| ≥
|i − l|p + [|i − l| n−12 − |j − m|]q ≥ p. And if dD(u, v) = 2 for some u ∈ Aij, v ∈ Alm, then either i 6= l, or i = l and j < m.
When i 6= l, also by Lemma 12, we have |f (u)− f (v)| ≥ p, and when i = l, j < m, |f (u)− f (v)| = (m− j)q ≥ q. Hence f is
an L(p, q)-labeling of D in this case. Thus λ∗p,q(D) ≤ max{f (v) | v ∈ V (D)} = (k− 1)p+ k( n−12 )qwhen n is odd.
When n is even, consider the labeling f ′ : V (D) −→ N ∪ {0} defined by
f ′(u) =

(i− 1)p+
[
(j− 1)+ (i− 1)n− 1
2
]
q, if u ∈ Aij and i is odd,
(i− 1)p+
[
(n− j)+ (i− 2)n− 1
2
]
q, if u ∈ Aij and i is even.
In this case, if dD(u, v) = 1 for some u ∈ Aij, v ∈ Alm, then i 6= l. Without loss of generality, we assume that i > l.
Thus when i ≡ l (mod 2), f ′(u) − f ′(v) ≥ (i − l)p + [2 × n−12 − |j − m|]q ≥ p. When i 6≡ l (mod 2) and i is odd,
f ′(u) − f ′(v) = p + [2 × n−12 + (j − 1 − n + m)]q ≥ p. And when i 6≡ l (mod 2) and i is even, since j and m cannot
both equal to
⌈ n+1
2
⌉
by Lemma 12, we have f ′(u) − f ′(v) = (i − l)p + (i − l − 1)q + (n − j − m + 1)q ≥ p. And if
dD(u, v) = 2 for some u ∈ Aij, v ∈ Alm, then either i 6= l, or i = l and j < m. When i 6= l, also by Lemma 12, we have∣∣f ′(u)− f ′(v)∣∣ ≥ p, and when i = l, j < m, ∣∣f ′(u)− f ′(v)∣∣ = (m− j)q ≥ q. Hence f ′ is an L(p, q)-labeling of D in this case,
and so λ∗p,q(D) ≤ max{f ′(v) | v ∈ V (D)} = (k− 1)p+ k( n−12 )qwhen n is even.
From the argument above, λ∗p,q(D) ≤ (k − 1)p + k( n−12 )q for any k-partite digraph D which has no direct cycle and
l(D) = n ≥ 1. 
Corollary 14. If D is an X, Y-bipartite digraph which has no direct cycle, and l(D) = n ≥ 1, then λ∗p,q(D) ≤ p+ (n− 1)q.
By a similar argument as in Theorem 8, we have the following result.
Theorem 15. There exists a bipartite digraph D which has no direct cycle whose L(p, q)-labeling number equals p+ (l(D)−1)q.
4. L(p, q)-labeling number of digraphs whose underlying graph is a path, a cycle, or a tree
In this section, we consider the L(p, q)-labeling number of digraphs whose underlying graph is a path, a cycle, or a tree.
Georges andMauro [4] found the L(p, q)-labeling number of Pn and Cn, from their results and Lemma6,wehave the following
theorem.
Theorem 16. For all n ≥ 1,
λp,q(Pn) = λ∗p,q(
−→
P n) =

0, if n = 1,
p, if n = 2,
p+ q, if n = 3 or 4,
min{2p, p+ 2q}, if n ≥ 5.
Theorem 17. For all n ≥ 3,
λ∗p,q(
−→
C n) =

2p, if p ≤ 2q, n ≡ 0 mod 3,
if 2q ≤ p ≤ 3q, n ≡ 2 mod 4,
if p ≥ 2q, n ≥ 3, n is odd,
p+ 2q, if p ≤ 2q, n 6≡ 0 mod 3, and n 6= 5,
if p ≥ 2q, n ≡ 0 mod 4,
p+ 3q, if p ≥ 3q, n ≡ 2 mod 4,
4q, if p ≤ 2q, n = 5.
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Given a digraph Dwhose underlying graph G is a path Pn or a cycle Cn, D 6= −→P n, D 6= −→C n, with V (G) = {v1, v2, . . . , vn},
E(G) = {vivi+1 | 1 ≤ i ≤ n− 1} if G is a path, and E(G) = {vivi+1 | 1 ≤ i ≤ n− 1} ∪ {vnv1} if G is a cycle. We can partition D
into maximal dipaths
−→
P1 ,
−→
P2 , . . . ,
−→
P l with the property that v1 ∈ V (−→P
1
), and if vi ∈ V (−→P
k
), vj ∈ V (−→P
m
) and k < m < l,
then i ≤ j, especially, when G = Cn, v1 ∈ V (−→P
l
) and v1 ∈ V (−→P
1
). If |V (−→P i)| = mi, we use {vi1, vi2, . . . , vimi} to denote
the vertices of
−→
P
i
, that is, vij = vk, where k = ∑i−1m=1(|V (−→P m)| − 1) + j. Note that vimi = v(i+1)1 for all 1 ≤ i ≤ l − 1,
and when G = Cn, vlml = v11. We call
−→
P
1
,
−→
P
2
, . . . ,
−→
P
l
the maximal-dipath partition of D. And if there exist i, j, i < j,
such that |V (−→P i)| = |V (−→P j)| = 4 and |V (−→P k)| ≤ 3 for all i < k < j, then we call the subdigraph D′, induced by
V (
−→
P
i
) ∪ V (−→P i+1) ∪ · · · ∪ V (−→P j), a section of D. When G = Cn, we always assume that the maximal-dipath partition
satisfies the condition that |V (−→P 1)| ≥ |V (−→P i)| for all i, 2 ≤ i ≤ l, and, in this case, if |V (−→P 1)| = |V (−→P j)| = 4 and
|V (−→P k)| ≤ 3 for all k > j, then we also call the subdigraph D′, induced by V (−→P j) ∪ V (−→P j+1) ∪ · · · ∪ V (−→P n) ∪ V (−→P 1), a
section of D.
We now consider the L(p, q)-labeling number of digraphs whose underlying graph is a path Pn. By Lemma 6 and
Theorem 16, we know that λ∗p,q(D) ≤ min{p + 2q, 2p}. Hence by Theorem 3, we only need to find the condition for which
λ∗p,q(D) = p+q. Note that if
−→
P
1
,
−→
P
2
, . . . ,
−→
P
l
is amaximal-dipath partition ofD and
∣∣∣V (−→P i)∣∣∣ ≥ 5, for some i, 1 ≤ i ≤ l, then
λ∗p,q(D) > p+q, and thusλ∗p,q(D) = min{2p, p+2q}. Therefore,weonly consider the case that
∣∣∣V (−→P i)∣∣∣ ≤ 4 for all i, 1 ≤ i ≤ l.
Lemma 18. Let D be a digraph whose underlying graph is a path Pn and the maximal-dipath partition of D is
−→
P
1
,
−→
P
2
, . . . ,
−→
P
l
.
Suppose |V (−→P i)| = mi ≤ 3 for all i, 1 ≤ i ≤ l and |V (−→P
2j
)| = 3 for all j < l2 , then λ∗p,q(D) ≤ p + q, and there exists a
(p + q)-L(p, q)-labeling f of D with f (v1) = p. Moreover, when l is odd or ml = 3, then for all (p + q)-L(p, q)-labeling f of D
with f (v1) = p,
f (vlml) =

0, if |V (D)| is even and l is odd,
q, if |V (D)| is even and l is even,
p+ q, if |V (D)| is odd and l is odd,
p, if |V (D)| is odd and l is even.
And, when l is even and ml = 2, there exist (p+ q)-L(p, q)-labelings f , f ′ of D with f (v1) = f ′(v1) = p, and
f (vlml) =
{
q, if |V (D)| is even,
p, if |V (D)| is odd,
f ′(vlml) =
{
0, if |V (D)| is even,
p+ q, if |V (D)| is odd.
Proof. We prove this by induction on l. The cases l = 1, 2 are easy to verify. Suppose the conclusions hold for all
l = n − 1 ≤ 2. When l = n, consider the subdigraph D′ induced by V (−→P 1) ∪ V (−→P 2) ∪ · · · ∪ V (−→P l−1). By the induction
hypothesis, D′ has a (p + q)-L(p, q)-labeling f such that f (v1) = p. It is easy to see that for all (p + q)-L(p, q)-labeling f1 of
D′ with f1(v1) = p, we can extend f1 to a (p + q)-L(p, q)-labeling f of D with f (v1) = p. Hence λ∗p,q(D) ≤ p + q, and there
exists a (p+ q)-L(p, q)-labeling f of Dwith f (v1) = p.
Now, consider a (p+q)-L(p, q)-labeling f ofDwith f (v1) = p. The labeling f , when restricting toD′, is also a (p+q)-L(p, q)-
labeling of D′. If l is odd, then ml−1 = 3 by the definition of D. Since ml−1 = 3, by the induction hypothesis, if ml = 3, then
|V (D)| ≡ |V (D′)| (mod 2), in this case, if |V (D)| is even, then f (v(l−1)ml−1) = q, and we have f (vlml) = 0, and if |V (D)|
is odd, then f (v(l−1)ml−1) = p, and we have f (vlml) = p + q. If ml = 2, then when |V (D)| is even, |V (D′)| is odd, and so
f (v(l−1)ml−1) = p, which implies f (vlml) = 0, and when |V (D)| is odd, |V (D′)| is even, and so f (v(l−1)ml−1) = q, which implies
f (vlml) = p+ q.
If l is even and ml = 3, then l − 1 is odd. By the induction hypothesis, if |V (D)| is even, |V (D′)| is even, and so
f (v(l−1)ml−1) = 0, which implies f (vlml) = q, and when |V (D)| is odd, |V (D′)| is odd, and so f (v(l−1)ml−1) = p + q, which
implies f (vlml) = p.
If l is even and ml = 2, then l − 1 is odd. By the induction hypothesis, there exists a (p + q)-L(p, q)-labeling f1 of D′
with f1(v1) = p. Now, if |V (D)| is even, |V (D′)| is odd, and so f1(v(l−1)ml−1) = p + q. In this case, we can extend f1 to the
(p+ q)-L(p, q)-labelings f , f ′ of D so that f (vlml) = q, f ′(vlml) = 0. If |V (D)| is odd, |V (D′)| is even, and so f1(v(l−1)ml−1) = 0,
and we can extend f1 to the (p+ q)-L(p, q)-labelings f , f ′ of D so that f (vlml) = p, f ′(vlml) = p+ q.
By the principle of induction, the conclusions hold for all the digraphs D satisfying our assumption. 
Lemma 19. Let D be a digraph whose underlying graph is a path Pn and the maximal-dipath partition of D is
−→
P
1
,
−→
P
2
, . . . ,
−→
P
l
.
Suppose
∣∣∣V (−→P i)∣∣∣ = mi ≤ 3 for all i, 1 ≤ i ≤ l. Then there exists a (p+ q)-L(p, q)-labeling f of D with {f (v11), f (vlml)} ⊆ {p, q}
if and only if l is even or there exists j, 1 ≤ j < l2 , such that m2j = 2.
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Proof. If l is odd and m2j = 3 for all j, 1 ≤ j < l2 , then by Lemma 2 and Lemma 18, for all the (p + q)-L(p, q)-labeling f of
D, if f (v11) ∈ {p, q}, then f (vlml) ∈ {0, p + q}. If l is even, by Lemma 18, there exists a (p + q)-L(p, q)-labeling f of D with
{f (v11), f (vlmk)} ⊆ {p, q}. If l is odd and there exists j, 1 ≤ j < l2 , such that m2j = 2, let k = min{j | 1 ≤ j < l2 ,m2j = 2}.
Then by Lemma 18, the subdigraph D1, induced by V (
−→
P
1
) ∪ V (−→P 2) ∪ · · · ∪ V (−→P k), has a (p + q)-L(p, q)-labeling f1 with
f1(v11) = p, f1(vk2) ∈ {0, p+q}, and the subdigraphD2, induced by V (−→P
k+1
)∪V (−→P k+2)∪· · ·∪V (−→P l), has a (p+q)-L(p, q)-
labeling f2 with f2(vlml) = p, f2(v(k+1)1) ∈ {0, p + q}. Hence by Lemma 2, we can combine the labelings f1 and f2 into a
(p+ q)-L(p, q)-labeling f of D such that {f (v11), f (vlml)} ⊆ {p, q}. 
From Lemma 19, we have
Lemma 20. Let D be a digraph whose underlying graph is a path Pn and the maximal-dipath partition of D is
−→
P
1
,
−→
P
2
, . . . ,
−→
P
l
.
Suppose
∣∣∣V (−→P 1)∣∣∣ = m1 = ml = ∣∣∣V (−→P l)∣∣∣ = 4, and ∣∣∣V (−→P i)∣∣∣ = mi ≤ 3 for all i2 ≤ i ≤ l− 1. Then λ∗p,q(D) = p+ q if and only
if l is even or there exists j, 2 ≤ j < l2 , such that m2j−1 = 2.
Theorem 21. Let D be a digraphwhose underlying graph is a path Pn and themaximal-dipath partition of D is
−→
P
1
,
−→
P
2
, . . . ,
−→
P
l
with
∣∣∣V (−→P i)∣∣∣ ≥ 3 for some i, 1 ≤ i ≤ l. Then λ∗p,q(D) = p+q if and only if ∣∣∣V (−→P i)∣∣∣ ≤ 4 for all i, 1 ≤ i ≤ l, and λ∗p,q(D′) = p+q
for each section D
′
of D.
We now consider the L(p, q)-labeling numbers of those digraphs whose underlying graphs are cycles. To simplify the
argument, when considering a digraph D whose underlying graph is a cycle Cn, and D 6= −→C n, we always assume that
v1v2 ∈ E(D) and v1vn ∈ E(D). Given a digraph D whose underlying graph is a cycle Cn, D 6= −→C n, and the maximal-dipath
partition ofD is
−→
P
1
,
−→
P
2
, . . . ,
−→
P
l
(note that in this case, l is even), we can construct a digraphD′with V (D′) = V (D)∪{vn+1},
and
E(D′) = {vivj| if (i, j) 6= (1, n) and vivj ∈ E(D)} ∪ {vn+1vn} .
It is easy to verify that D has a k-L(p, q)-labeling f if and only if D′ has a k-L(p, q)-labeling f ′ so that f ′(v1) = f ′(vn+1). Hence,
by Lemma 19, Lemma 20 and Theorem 21, we have
Theorem 22. Let D 6= −→C n be a digraph whose underlying graph is a cycle Cn, and the maximal-dipath partition of D is−→
P
1
,
−→
P
2
, . . . ,
−→
P
l
with
∣∣∣V (−→P i)∣∣∣ = mi ≥ 3 for some i, 1 ≤ i ≤ l. Then λ∗p,q(D) = p + q if and only if |V (D)| is even,
mi ≤ 4 for all i, 1 ≤ i ≤ l, and one of the following three conditions hold.
(1) m1 = 3.
(2) m1 = 4, mi ≤ 3 for all i, 2 ≤ i ≤ l, and there exists j, 2 ≤ j < l2 , such that m2j−1 = 2.
(3) m1 = 4, mi = 4 for some i, 2 ≤ i ≤ l, and λ∗p,q(D′) = p+ q for each section D′ of D.
Lemma 23. If D is a digraph whose underlying graph is a cycle C2n and D 6= C2n then λ∗p,q(D) ≤ p+ 2q.
Proof. Let V (D) = {v1, v2, . . . , v2n},−→P
1
,
−→
P
2
, . . . ,
−→
P
l
be the maximal-dipath partition of D with
∣∣∣V (−→P i)∣∣∣ = mi and
v11 = v1. If n ≡ 0(mod 2), define the labeling f of V (D) by
f (vi) =

0, if i ≡ 1 (mod 4),
p+ q, if i ≡ 2 (mod 4),
q, if i ≡ 3 (mod 4),
p+ 2q, if i ≡ 0 (mod 4).
And, if n ≡ 1 (mod 2), define the labeling f of V (D) by
f (vi) =

p, if i ≡ 1,
0 if i ≡ 2 (mod 4),
p+ q, if i ≡ 3 (mod 4),
q, if i ≡ 0 (mod 4),
p+ 2q, if i 6= 1, i ≡ 1 (mod 4).
It is easy to verify that for these two cases, f is a (p+ 2q)-L(p, q)-labeling of D. Hence λ∗p,q(D) ≤ p+ 2q. 
Lemma 24. Let D 6= −→C n be a digraph whose underlying graph is a cycle Cn, and the maximal-dipath partition of D is−→
P
1
,
−→
P
2
, . . . ,
−→
P
l
with
∣∣∣V (−→P i)∣∣∣ = mi for all i, 1 ≤ i ≤ l. Then λ∗p,q(D) ≤ max{2p, p + 2q}. And, if p < 2q, λ∗p,q(D) ≤ 2p if
and only if a = |{i |mi ≡ 0 (mod 3) or mi ≡ 2 (mod 3)}| 6= 1.
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Proof. The cases n = 3, 4, 5 are easy to verify. For n ≥ 6, by Theorem17 and Lemma 23,we have λ∗p,q(D) ≤ max{2p, p+2q}.
For p < 2q and a = 1, suppose λ∗p,q(D) ≤ 2p in this case, then by Theorem 3, there exists a 2p-L(p, q)-labeling f of D such
that f (v) ∈ {0, q, p, p + q, 2p} for all v ∈ V (D). Let A1 = {0}, A2 = {q, p}, A3 = {p + q, 2p}. Since p < 2q, if there
exist vi, vi+1, vi+2, vi+3, such that vivi+1, vi+1vi+2, vi+2vi+3 ∈ E(D), and f (vi) ∈ Aj for some j, 1 ≤ j ≤ 3, then, since the
distance of any two of the vertices vi, vi+1, vi+2 is less than or equal to 2, we have f (vi+1) ∈ Ak, f (vi+2) ∈ Al for some k, l,
1 ≤ k, l ≤ 3, k, l 6= j, k 6= l. By the same reason, f (vi+3) ∈ Aj. Now assume that mi ≡ 0 (mod 3) or mi ≡ 2 (mod 3) for
some i, without loss of generality, we may assume that i 6= 1, and f (v1) ∈ Aj, thus f (vi1) ∈ Aj and f (vimi) ∈ Aj, however,
sincemi 6≡ 1 (mod 3), either f (vi(mi−1)) ∈ Aj or f (vi(mi−2)) ∈ Aj, a contradiction. Hence if a = 1, λ∗p,q(D) > 2p.
Now, if a = 0, then n ≡ 0 (mod 3). Define a labeling f of V (D) by
f (vi) =
{0, if i ≡ 1 (mod 3),
p, if i ≡ 2 (mod 3),
2p, if i ≡ 0 (mod 3),
then f is a 2p-L(p, q)-labeling of D, hence λ∗p,q(D) ≤ 2p in this case.
If a ≥ 2, choose i, i′, such that i < i′, |V (−→P i)| 6≡ 1 (mod 3) and |V (−→P i
′
)| 6≡ 1 (mod 3), and |V (−→P k)| ≡ 1 (mod 3) for all
k, i < k < i′. Without loss of generality, we may assume that i = 1.
Claim. There exist j, j 6= l, such that (1+∑jk=1(mk − 1)) 6≡ 1 (mod 3) and (n+ 1−∑jk=1(mk − 1)) 6≡ 1 (mod 3).
Proof of the Claim. The conclusion clearly holds for l = 2, hence we assume that l ≥ 4, and, without loss of generality,
we may also assume that i′ 6= l. Under this condition, if m1 ≡ 0 (mod 3) and n 6≡ 2 (mod 3), or m1 ≡ 2 (mod 3) and
n 6≡ 1 (mod 3), set j = 1. If m1 ≡ 0 (mod 3) and n ≡ 2 (mod 3), or m1 ≡ 2 (mod 3) and n ≡ 1 (mod 3), set j = i′. Then,
clearly, we have (1+∑jk=1(mk − 1)) 6≡ 1 (mod 3) and (n+ 1−∑jk=1(mk − 1)) 6≡ 1 (mod 3).
Let j be the number such that j 6= l, (1+∑jk=1(mk−1)) 6≡ 1 (mod 3) and (n+1−∑jk=1(mk−1)) 6≡ 1 (mod 3), and let the
set of vertices inV (
−→
P
1
)∪V (−→P 2)∪· · ·∪V (−→P j) be {u11, u12, . . . , u1b1}, the set of vertices inV (
−→
P
j+1
)∪V (−→P j+2)∪· · ·∪V (−→P l)
be {u21, u22, . . . , u2b2}, where u1i = vi, u2j = vn+2−j, and vn+1 = v1. Define a labeling f of V (D) by
f (vij) =

0, if j ≡ 1 (mod 3),
p, if j ≡ 2 (mod 3) and bi ≡ 2 (mod 3),
or j ≡ 0 (mod 3) and bi ≡ 0 (mod 3),
2p, if j ≡ 2 (mod 3) and bi ≡ 0 (mod 3),
or j ≡ 0 (mod 3) and bi ≡ 2 (mod 3),
then, it is easy to verify that f is a 2p-L(p, q)-labeling of V (D), and we also have λ∗p,q(D) ≤ 2p in this case. 
We now consider the L(p, q)-labeling number of a digraph D 6= −→C n whose underlying graph is a cycle Cn, and the
maximal-dipath partition of D is
−→
P
1
,
−→
P
2
, . . . ,
−→
P
l
with
∣∣∣V (−→P i)∣∣∣ = mi and m1 ≥ mi for all i, 1 ≤ i ≤ l. We say that D
satisfies condition A if either
(1) m1 = 3 or
(2) m1 = 4,mi ≤ 3 for all i, 2 ≤ i ≤ l, and there exists j, 2 ≤ j ≤ l2 , such thatm2j−1 = 2, or
(3) m1 = 4,mi = 4 for some i, 2 ≤ i ≤ l, and λ∗p,q(D′) = p+ q for each section D′ of D.
And we define a(m1,m2, . . . ,ml) = |{i |mi ≡ 0 (mod 3) ormi ≡ 2 (mod 3)}|. Note that if n is odd, then λ∗p,q(D) ≥
(χ(Cn)− 1)p = 2p, by Theorem 9. Hence by Theorem 16, Lemmas 23 and 24, we have
Theorem 25. Let D 6= −→C n be a digraph whose underlying graph is a cycle Cn, and the maximal-dipath partition of D is
−→
P
1
,
−→
P
2
, . . . ,
−→
P
l
with
∣∣∣∣V (−→P i)∣∣∣∣ = mi and m1 ≥ mi for all i, 1 ≤ i ≤ l. Then
λ∗p,q(D) =

p, if m1 = 2,
p+ q, if n is even and D satisfies condition A,
2p, if p < 2q, n is odd and a(m1,m2, . . . ,ml) 6= 1,
or p < 2q, n is even, D does not satisfy condition A,
and a(m1,m2, . . . ,ml) 6= 1,
or p > 2q, n is odd,
p+ 2q, otherwise.
We now consider the L(p, q)-labeling number of ditrees. The following lemma gives an upper bound for the number
λ∗p,q(T ), where T is a ditree.
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Lemma 26 ([1]). If T is a ditree and n ≥ 3, then there is a homomorphism from T to−→C n.
Theorem 27. If T is a ditree with l(T ) = l, then
λ∗p,q(T ) =

0, if l = 0,
p, if l = 1,
p+ q, if l = 2,
min{2p, p+ 2q}, if l ≥ 4,
and, if l = 3, then p+ q ≤ λ∗p,q(T ) ≤ min{2p, p+ 2q}.
Proof. The case l = 1 follows from Lemma 5, and l = 2 follows from Lemma 1, Corollary 14, and the fact that λ∗p,q(
−→
P 3) =
p+ q. If l ≥ 4, by Lemma 26, T is homomorphic to−→C 3 and−→C 4, hence by Lemma 4, λ∗p,q(T ) ≤ min{2p, p+ 2q}. Since l ≥ 4,−→
P 5 is a subdigraph of T , and so by Lemma 1, λ∗p,q(T ) > p+ q, hence λ∗p,q(T ) = min{2p, p+ 2q} by Theorem 3. When l = 3,
a similar argument as the case l ≥ 4 shows that p+ q ≤ λ∗p,q(T ) ≤ min{2p, p+ 2q}. 
From Theorem 27, to find the L(p, q)-labeling number of a ditree T , we only need to decide whether λ∗p,q(T ) = p+ q. We
give an algorithm to do this. The major idea of this algorithm is to partition the ditree T into a special subditree of T . For a
ditree T , an l-component of T is a maximal subditree C of T such that every source and sink in C is a leaf in C .
Algorithm 28. Find (T , v)
Input: A ditree T and a source or sink v in T .
Output: F(v) or False, where F(v) = {f (v) | f is a (p+ q)-L(p, q)-labeling of T }.
begin
N(v) := {w1, w2, w3, . . . , wk}
F(v) := {0, q, p, p+ q}
for i = 1 to k do
Use Breadth-First-Search to find l-components Ci which contain the vertices v andwi.
for all uwhich is a leaf in Ci, u 6= v
if u is leaf in T then
F(u) := {0, q, p, p+ q}
else
F(u) := Find (T ′ , u), where T ′ is theweakly connected subditree in (T \ Ci)∪ {u} containing u.
if Find(T ′ , u) = False, stop and return False
Call the procedure label.c(Ci, v), F(v,wi) := label.c(Ci, v)
F(v) := F(v) ∩ F(v,wi)
if F(v) = ∅ then
return False
else
return F(v)
end
Procedure 29. label.c(C, v)
Input: v and C .
Output: False or FC (v)
begin
level(v) = 0
Let V (C) = {v0 = v, v1, . . . , vr}which is sort by Breadth-First-Search root at v
for i = 1 to r do
if vivj ∈ E(C) for some j < i then level(vi) = level(vj)− 1
if vjvi ∈ E(C) for some j < i then level(vi) = level(vj)+ 1
Let d := min0≤ i≤ r{level(vi)}
for i = 1 to r do
level(vi) = level(vi)− d
Let l(C) = max0≤ i≤ r{level(vi)}
if l(C) > 3 then
return False
elseif l(C) = 3 then
for all u is a leaf of C
if level(u) = 0 or 3 and F(u) = {0, p+ q} then
return False
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if level(u) = 1 or 2 and F(u) = {q, p} then
return False
if level(v) = 0 or 3 then
FC (v) := {q, p}
else
FC (v) := {0, p+ q}
elseif l(C) = 2 then
for i = 2 to r do
if F(vi) 6= {0, q, p, p+ q} then
for j = i+ 1 to r do
if F(vj) 6= {0, q, p, p+ q} then
if F(vj) 6= F(vi) and level(vj) = level(vi) then
return False
if F(vj) = F(vi) and level(vj) 6= level(vi) then
return False
if level(v) = level(vi) then
FC (v) := F(vi)
else
FC (v) := {0, q, p, p+ q} \ F(vi)
return FC (v)
else
if F(v1) = {q, p} then
FC (v) := {0, p+ q}
else
FC (v) := {0, q, p, p+ q}
return FC (v)
end.
Proof. To prove the correctness of this algorithm, we only need to show that the procedure label.c(C, v) indeed gives the
set F(v), where F(v) = {f (v) | f is a (p+ q)-L(p, q)-labeling of C}. Notice that if l(C) ≥ 5, then C contains a dipath of length
at least 4, in which case C does not have a (p+ q)-L(p, q)-labeling. Hence we only consider those cases for which l(C) ≤ 4.
We first consider the case where l(C) = 3. In this case, if x is a leaf such that level(x) = 2, let y be another endpoint of
a longest dipath containing x, then dC (x, y) = 2. If dC (x, y) = 1 or dC (y, x) = 1, then both x, y are sources or sinks, thus
the l-component C contains only the two vertices x, y. However, l(C) = 3, which is impossible. And, if dC (x, y) = 3, then
level(y) = −1, if dC (y, x) = 3, then level(y) = 5, and if dC (y, x) = 2, then level(y) = 4. All these cases will lead to a
contradiction. Thus dC (x, y) = 2 and level(y) = 0. Similarly, if x is a leaf and level(x) = 1, then there exists y which is an
endpoint of a longest dipath containing x, such that level(y) = 3.
Now, if x is a leaf and level(x) = 3, then there exists z such that dC (x, z) = 1, and level(z) = 2. By a similar argument
as above, we can show that there exists y which is an endpoint of a longest dipath containing x, such that level(y) = 0.
Similarly, if x is a leaf and level(x) = 0, then we can find y, which is an endpoint of a longest dipath containing x such that
level(y) = 3. From these, we know that every leaf x with level(x) ∈ {0, 3}, is an endpoint of a dipath−→P of length equals 3,
and every leaf x with level(x) = {1, 2} is an endpoint of a dipath −→P of length equals 2, with the property that the another
endpoint y of
−→
P is also an endpoint of a dipath
−→
P ′ whose length equals 3, hence if level(x) ∈ {0, 3}, then F(x) = {q, p}, and
if level(x) ∈ {1, 2}, then F(x) = {0, p+ q}.
For the case l(C) = 4, let C ′ be an induced subgraph of C such that max{level(x) | x ∈ V (C ′)} = 4 and max{level(x) |
x ∈ V (C ′) − {v}} = 3 for some v ∈ V (C ′), and u be a vertex in C ′ such that uv ∈ C . By a similar argument as above, since
level(u) = 3, there exists w which is an endpoint of a longest dipath containing u such that level(w) = 0. Therefore v − w
is a dipath with length 4, and there does not exist a (p+ q)-L(p, q)-labeling.
For the case l(C) = 2, since the vertex v with level(v) = 1 is unique, the underlying graph of C is a star. In this case, each
leaf xwith level(x) = 0 is a source, and each leaf xwith level(x) = 2 is a sink. If there exist two leaves x, y such that level(x) 6=
level(y), and there exists a (p+q)-L(p, q)-labeling such that one of the two vertices is labeled 0 or p+q, another vertexmust
be labeled p or q. Similarly, if x, y are two leaves such that level(x) = level(y), and there exists a (p + q)-L(p, q)-labeling
such that one of the two vertices is labeled 0 or p+ q (resp. p or q), another vertex must be labeled 0 or p+ q (resp. p or q).
From the argument above, the procedure label.c(C, v) indeed gives the set F(v). 
Since we check every vertex and its neighbors at most once, the time complexity of this algorithm is O(∆(T )n).
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